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Abstract
In this article, we give special solutions of second and fourth Painleve´ hierarchies derived
by Gordoa, Joshi, and Pickering. We show that for certain choice of the parameters each n-th
member of these hierarchies has a special solution in terms of an n-th order differential equation.
Furthermore we derive a relation between these two hierarchies.
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1 Introduction
The six Painleve´ equations, PI-PVI, were discovered by Painleve´ and Gambier about one century
ago. They are the only second-order ordinary differential equations that define new functions, the
Painleve´ transcendents. A remarkable property of these Painleve´ equations is that while their general
solutions are new transcendental functions, they posses special solutions that can be expressed in
terms of the elementary functions. These solutions are either rational or can be expressed in terms of
the classical special functions. For example, it is well known that for certain values of the parameters,
the second and fourth Painleve´ equations admit special solutions in terms of the Airy and Weber-
Hermitte functions respectively [1]-[4].
In recent years there is a considerable interest in searching for higher-order analogues of Painleve´
equations [5]-[14]. Since Painleve´ equations can be obtained as a similarity reductions of completely
integrable partial differential equations [15], higher-order analogues of them arise as similarity re-
ductions of higher-order integrable partial differential equations. This was first realized by Airault
[5] who derived a second Painleve´ hierarchy by similarity reduction of the KdV-mKdV hierarchies.
A Pianleve´ hierarchy is an infinite sequence of nonlinear ordinary differential equations whose first
member is a Pianleve´ equation. Gordoa, Joshi, and Pickering [13] have used non-isospectral scatter-
ing problems to derive new second and fourth Pianleve´ hierarchies.
In this paper, we study special solutions of the second and fourth Pianleve´ hierarchies given in
[13]. It turns out that for certain restriction on the parameters, the n-th member of these hierarchies,
which is an equation of of order 2n, has a special solution in terms of an equation of order n, n ≥ 1.
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In particular, the first members of the second Pianleve´ hierarchy has the Airy solution while the first
member of the fourth Pianleve´ hierarchy has the Weber-Hermitte solution. Moreover, it turns out
that the n-th member of the fourth Pianleve´ hierarchy has a special solution in terms of the (n−1)-st
member of the second Pianleve´ hierarchy, n ≥ 2.
2 The second Painleve´ hierarchy
Consider the following second Painleve´ hierarchy presented in [13](
∂−1x 0
0 ∂−1x
)[
Rnux +
n−2∑
j=0
γjRjux
]
+
(
gn+1x
−δn
)
=
(
0
0
)
, (1)
where
u = (u, v)T ,
R = 1
2
(
∂xu∂
−1
x − ∂x 2
2v + vx∂
−1
x u+ ∂x
)
,
(2)
and gn+1 6= 0. The second Painleve´ hierarchy (1) can be obtained as the compatibility condition of
the following linear system of equations [16]
∂Φ
∂λ
= A(λ)Φ(λ),
∂Φ
∂x
= B(λ)Φ(λ), (3)
where
B =
( −λ w˜
2−2v/w˜ λ
)
,
A =
1
gn+1
n+1∑
j=0
Ajλ
n+1−j,
A0 = −2σ3, σ3 =
(
1 0
0 −1
)
, u = −w˜x
w˜
.
(4)
The form of Aj, 1 ≤ j ≤ n+ 1, can be found in [16].
Writing the hierarchy (1) as a compatibility condition of the linear system (3) leads to another
representation of this hierarchy. More precisely, let Aj =
(
aj bj
cj −aj
)
, 0 ≤ j ≤ n + 1. Then the
compatibility condition of the linear system (3) gives
aj,x =
1
2
w˜cj +
2v
w˜
bj, 0 ≤ j ≤ n,
bj,x = −2bj+1 − w˜aj, 0 ≤ j ≤ n,
cj,x = 2cj+1 − 4v
w˜
aj, 0 ≤ j ≤ n,
an+1,x =
1
2
w˜cn+1 +
2v
w˜
bn+1 − gn+1,
bn+1,x = −w˜an+1,
cn+1,x = −4v
w˜
an+1.
(5)
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Using A0 = −2σ3 and setting a1 = 0, equation (5) determines aj, bj, and cj recursively as follows
a0 = −2, a1 = 0, b0 = c0 = 0,
bj = −1
2
(bj−1,x + w˜aj−1), 1 ≤ j ≤ n+ 1,
cj =
1
2
cj−1,x +
2v
w˜
aj−1, 1 ≤ j ≤ n+ 1,
aj =
1
4
j−1∑
i=1
(bicj−i + aiaj−i) + kj, 2 ≤ j ≤ n,
an+1 =
1
4
n∑
i=1
(bicn+1−i + aian+1−i)− gn+1x+ kn+1,
(6)
where kj are constants of integrations. Moreover, equation (5.f) can be integrated to obtain the first
integral
n+1∑
i=1
(bicn+2−i + aian+2−i) +K = 0, (7)
where K is a constant of integration. Therefor , up to renaming the constants, the second Painleve´
hierarchy (1) can be written in the following form
bn+1,x + w˜an+1 = 0,
n+1∑
i=1
(bicn+2−i + aian+2−i) + 4δn = 0,
(8)
where aj, bj, cj are given by (6).
2.1 Special solutions of the second Painleve´ hierarchy
The first member of the second Painleve´ hierarchy (8) reads
ux − u2 − 2(v + g2x) = 0, vx + 2uv − 2δ1 = 0. (9)
Since g2 6= 0, without loss of generality we set g2 = 14 . Thus eliminating v between (9.a) and (9.b)
we obtain the second Painleve´ equation.
uxx = 2u
3 + xu+ 4δ1 +
1
2
. (10)
Equation (9) has the special solution δ1 +
1
4
= 0, v = ux, and u satisfies the Riccati equation
ux + u
2 +
1
2
x = 0. (11)
The transformation u =
Ux
U
transforms (11) into the well known Airy equation
Uxx +
1
2
xU = 0. (12)
Consider the second member of the hierarchy (8)
uxx = 3uux − u3 − 6uv + 2K2u− 4g3x,
vxx = −3uvx − 3u2v − 3v2 + 2K2v + 4δ2. (13)
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In [17], setting g3 = 1, it was shown that (13) has the special solution δ2 + 1 = 0, v = ux, and u
solves
uxx + 3uux + u
3 − 2k2u+ 4x = 0. (14)
In this article we will generalize the above results. More precisely we will show that for each n,
the n-th member of the second Painleve´ hierarchy (8) has a special solution δn + gn+1 = 0, v = ux,
and u satisfies the n-th order equation
bn+1,x + w˜an+1 = 0. (15)
Define an+2 =
1
4
n+1∑
i=1
(bicn+2−i + aian+2−i) + kn+2, bn+2 = −1
2
(bn+1,x + w˜an+1), and
cn+2 =
1
2
cn+1,x +
2ux
w˜
an+1. Then an+2 satisfies
an+2,x =
1
2
w˜cn+2 +
2ux
w˜
bn+2, (16)
and (8) can be written as
bn+2 = 0, an+2 −Kn+2 + δn = 0. (17)
Since u satisfies (15), the equation (17.a) is satisfied. Thus we only have to prove that equation
(17.b) is satisfied.
First of all we will use induction to show that
aj = −2 d
dx
(bj
w˜
)
+ kj, 2 ≤ j ≤ n. (18)
Using (6) we find b1 = w˜, c1 = −4ux
w˜
, and a2 = −ux + k2. Thus direct calculations show that
a2 = −2 d
dx
(b2
w˜
)
+ k2.
Assume that it is true for j = m, 2 ≤ m ≤ n− 1. Then using (6.b) we have
−2 d
dx
(
bm+1
w˜
) =
d
dx
[am +
1
w˜
bm,x]. (19)
By the induction hypothesis we have
am = −2 d
dx
(
bm
w˜
) + km
= − 2
w˜
(bm,x + ubm) + km.
(20)
Using (20) to substitute bm,x and using equation (5.a) to substitute am,x, equation (19) yields
−2 d
dx
(
bm+1
w˜
) =
1
2
u(am − km) + 1
4
w˜cm. (21)
Now equation (5.a) implies that 4am+1,x = 2w˜cm+1 +
8ux
w˜
bm+1. Using (6) to substitute bm+1 and
cm+1, we find
4am+1,x = w˜cm,x − 4ux
w˜
bm,x. (22)
Using w˜x = −uw˜, we find
d
dx
(w˜cm) = w˜cm,x − uw˜cm. (23)
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Using equation (5.a) to substitute am,x, we get
d
dx
[2u(am − km)] = 2ux(am − km) + u(w˜cm + 4ux
w˜
bm). (24)
Thus equations (22-24) give
d
dx
[4am+1 − 2u(am − km)− b1cm] = −2ux[am − km + 2
w˜
(bm,x + ubm)]. (25)
By the induction hypothesis (20), we see that the right hand side of equation (25) is zero and hence
am+1 − km+1 = 1
2
u(am − km) + 1
4
w˜cm, (26)
where km+1 is the constant of integration. Therefore (26) and (21) imply the result.
Following similar arguments we can show that
an+1 = −2 d
dx
(bn+1
w˜
)
− gn+1x+ kn+1 (27)
and
an+2 = −2 d
dx
(bn+2
w˜
)
+ gn+1 + kn+2. (28)
As the last step substituting bn+2 = 0 into (28), we have
an+2 − kn+2 = gn+1. (29)
Therefore (29) implies that, if δn + gn+1 = 0, then (17.b) is satisfied and the proof is completed.
3 The fourth Painleve´ hierarchy
We consider the following fourth Pianleve´ hierarchy given in [13]
Ln,x = 2Kn + uLn + gn − 2αn,
Kn,x =
1
Ln
[(Kn +
1
2
gn − αn)2 − 1
4
β2n]− vLn, (30)
where Kn = (Kn, Ln)
T is defined recursively as follows:
Kn[u] = Ln[u] +
n−1∑
j=1
γjLj[u] + gnx
(
0
1
)
,
u = (u, v)T , L1[u] = (v, u)
T ,
B1Lj+1[u] = B2Lj[u],
B1 =
(
0 ∂x
∂x 0
)
, B2 = 12
(
2∂x ∂xu− ∂2x
u∂x + ∂
2
x v∂x + ∂xv
)
.
(31)
The fourth Painleve´ hierarchy (30) can be obtained as the compatibility condition of the following
linear system of equations [16]
∂Φ
∂λ
= A(λ)Φ(λ),
∂Φ
∂x
= B(λ)Φ(λ), (32)
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where
B =
( −λ w
−v/w λ
)
,
A =
1
gn+1
n+1∑
j=0
Ajλ
n−j,
A0 = −2σ3, u = −wx
w
.
(33)
The precise form of Aj, 1 ≤ j ≤ n+ 1, can be found in [16].
Now we will use the linear system (32-33) to rewrite the hierarchy (30) in another form. Let
Aj =
(
aj bj
cj −aj
)
, 0 ≤ j ≤ n+1. Then the compatibility condition of the linear system (32) gives
aj,x = wcj +
v
w
bj, 0 ≤ j ≤ n− 1,
an,x = wcn +
v
w
bn − gn,
an+1 = wcn+1 +
v
w
bn+1,
bj,x = −2bj+1 − 2waj, 0 ≤ j ≤ n,
cj,x = 2cj+1 − 2v
w
aj, 0 ≤ j ≤ n,
bn+1,x = −2wan+1,
cn+1,x = −2v
w
an+1.
(34)
If n ≥ 2, then equation (34) determines aj, bj, and cj recursively as follows
a0 = −2, b0 = c0 = 0,
bj = −12bj−1,x − waj−1, 1 ≤ j ≤ n+ 1,
cj =
1
2
cj−1,x + vwaj−1, 1 ≤ j ≤ n+ 1,
aj =
1
4
j−1∑
i=1
(bicj−i + aiaj−i) + kj, 1 ≤ j ≤ n− 1,
an =
1
4
n−1∑
i=1
(bicn−i + aian−i)− gnx+ kn,
an+1 =
1
4
n∑
i=1
(bicn+1−i + aian+1−i) +
1
2
gna1x+ αn − 1
2
gn.
(35)
If n = 1, then a1 = −gnx, a2 = −v + α1 − 12g1, and bj, cj are given by (35). Moreover (34.g) can be
integrated to obtain the first integral
bn+1cn+1 + a
2
n+1 = K, (36)
where K is a constant of integration. Let K =
1
4
β2n. Then the fourth Painleve´ hierarchy (30) can be
written as
bn+1,x + 2wan+1 = 0,
bn+1cn+1 =
1
4
β2n − a2n+1.
(37)
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3.1 Special solutions of the fourth Painleve´ hierarchy
The first member of the fourth Painleve´ hierarchy (37) reads
ux = 2v + u
2 + g1xu− 2α1,
vx =
1
(u+ g1x)
[(v − α1 − 1
2
g1)
2 − 1
4
β21 ]− v(u+ g1x). (38)
Eliminating v between these equations and using the transformation y = u + g1x, yields the PIV
equation [16]
yxx =
y2x
y
+
3
2
y3 − 2g1xy2 + 2(g
2
1x
2
4
− α1)y − β
2
1
2y
. (39)
Equation (38) has the special solution (2α1+ g1)
2 = β21 , v = x, and u solves the Riccati equation
ux + u
2 + g1xu− 2α1 = 0. (40)
Setting g1 = −2, which can be done without loss of generality, and using the linearizing transforma-
tion u =
Ux
U
, (40) is transformed to the Weber-Hermit equation
Uxx − 2xUx − 2α1U = 0. (41)
In [17] it has been shown that the second member of the hierarchy (35, 37), with g2 = 1, has the
special solution 2α+ β + 1 = 0, v = ux and u is a solution of the second Painleve´ equation
uxx = −(3u− k1)ux + u3 + k1u2 − 2xu+ β − 2α + 1 = 0. (42)
As a generalization of the above results, we will prove that the fourth Pianleve´ hierarchy (35, 37)
has the special solutions
(2αn + gn)
2 = β2n,
v = ux,
bn+1,x + 2wan+1 = 0.
(43)
In order to prove that (43) is a solution of the hierarchy (37), we only have to prove that
bn+1cn+1 =
1
4
β2n − a2n+1. (44)
As a first step, we will use induction to prove that
aj − kj = − d
dx
(bj
w
)
, 2 ≤ j ≤ n− 1. (45)
Using (35), one finds a1 = k1, b1 = 2w, c1 = −2ux
w
, a2 = −ux + k2, b2 = w(u − k1). Therefore
direct calculations show that a2 − k2 = − d
dx
(b2
w
)
.
Assume it is true for j = m, 2 ≤ m ≤ n− 2; that is, assume that
am − km = − d
dx
(bm
w
)
= − 1
w
(bm,x + ubm).
(46)
Then equation (34.a) implies that am+1,x = wcm+1 +
ux
w
bm+1. Using (35) to substitute bm+1 and
cm+1, we find
2am+1,x = wcm,x − ux
w
bm,x. (47)
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Using wx = −uw we find
d
dx
(wcm) = wcm,x − uwcm. (48)
Moreover (34.a) yields
d
dx
[u(am − km)] = ux(am − km) + uwcm + uux
w
bm. (49)
Thus (47-49) give
d
dx
[2am+1 − wcm − u(am − km)] = −ux[am − km + 1
w
(bm,x + ubm)]. (50)
The induction hypothesis (46) implies that the right hand side of (50) is zero and hence we get
am+1 − km+1 = 1
2
[u(am − km) + wcm]. (51)
On the other hand (35) gives 1
w
bm+1 = − 12wbm,x − am. Using the induction hypothesis (46) to
substitute bm,x, we get
1
w
bm+1 = −1
2
[am − u
w
bm]. (52)
Now differentiating (52) and using (34.a) to substitute am,x and (46) to substitute bm,x, we obtain
d
dx
(bm+1
w
)
= −1
2
[u(am − km) + wcm]. (53)
Therefore (51) and (53) yield the result.
Using similar arguments we can prove that
an + gnx− kn = − d
dx
(bn
w
)
(54)
and
an+1 − kn+1 − gn = − d
dx
(bn+1
w
)
. (55)
Since bn+1,x = −2wan+1, (55) gives
an+1 + kn+1 + gn =
u
w
bn+1. (56)
The equation (34.c) implies cn+1 =
1
w2
[wan+1,x − uxbn+1]. Using (56) to substitute an+1 we obtain
cn+1 =
u
w
d
dx
(bn+1
w
)
. Hence (55) gives
an+1 − kn+1 − gn = −w
u
cn+1. (57)
Therefore using (56) and (57) to substituting bn+1 and cn+1, we see that (44) is satisfied provided
that (2αn + gn)
2 = β2n; and this completes the proof.
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3.2 Relation between the second and fourth Painleve´ hierarchies
In this subsection, we will show that the fourth Painleve´ hierarchy (37) have special solutions in terms
of the second Painleve´ hierarchy (8). Thus we will derive a relation between the second Painleve´
hierarchy (8) and the fourth Painleve´ hierarchy (37).
Let u and v be solutions of the hierarchy (37) of order n = m+1 such that a1 = 0, βm+1 = 0 and
bm+1 = 0. Then the equations (35) and (37) become
a0 = −2, a1 = 0, b0 = c0 = 0,
bj = −12bj−1,x − waj−1, 1 ≤ j ≤ m+ 2,
cj =
1
2
cj−1,x +
v
w
aj−1, 1 ≤ j ≤ m+ 2,
aj =
1
4
j−1∑
i=1
(bicj−i + aiaj−i) + kj, 2 ≤ j ≤ m
am+1 =
1
4
m∑
i=1
(bicm+1−i + aiam+1−i)− gm+1x,
am+2 =
1
4
m+1∑
i=1
(bicm+2−i + aiam+2−i) + αm+1 − 1
2
gm+1,
(58)
and
am+2 = 0. (59)
Setting 2w = w˜ and using a1 = 0, then we have u = −w˜x
w˜
and equation (58) yields
a0 = −2, a1 = 0, b0 = c0 = 0,
bj = −12(bj−1,x − w˜aj−1), 1 ≤ j ≤ m+ 1,
cj =
1
2
cj−1,x +
2v
w˜
aj−1, 1 ≤ j ≤ m+ 1,
aj =
1
4
j−1∑
i=1
(bicj−i + aiaj−i) + kj, 2 ≤ j ≤ m
am+1 =
1
4
m∑
i=1
(bicm+1−i + aiam+1−i)− gm+1x.
(60)
Moreover, since am+2 = bm+1 = 0, (58) gives
m+1∑
i=1
(bicm+2−i + aiam+2−i) + 4(αm+1 − 1
2
gm+1) = 0,
bm+1,x = −w˜am+1.
(61)
Thus, u and v are solutions of the second Painleve´ hierarchy (8) of order n = m and with parameter
δm = αm+1 − 12gm+1.
Therefore we have shown that any n-th member of the fourth Painleve´ hierarchy (37), n ≥ 2, has
a special solution a1 = βn = 0 in terms of the (n − 1)-st member of the second Painleve´ hierarchy
(8).
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